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Rains’ bound is arguably the best known upper bound of the distillable entanglement by opera-
tions completely preserving positivity of partial transpose (PPT) and was conjectured to be additive
and coincide with the asymptotic relative entropy of entanglement. We disprove both conjectures
by explicitly constructing a special class of mixed two-qubit states. We then introduce an additive
semidefinite programming lower bound (EM ) for the asymptotic Rains’ bound, and it immediately
becomes a computable lower bound for entanglement cost of bipartite states. Furthermore, EM
is also proved to be the best known upper bound of the PPT-assisted deterministic distillable en-
tanglement and gives the asymptotic rates for all pure states and some class of genuinely mixed
states.
I. INTRODUCTION
Entanglement plays a crucial role in quantum physics
and is the key resource in many quantum information
processing tasks. So it is quite natural and important to
develop a theoretical framework to describe and quantify
it. In spite of a series of remarkable recent progress in
the theory of entanglement (for reviews see, e.g., Refs.
[1–4]), many fundamental questions or challenges still
remain open. One of the most significant questions is
to determine the distillable entanglement ED, i.e. the
highest rate at which one can obtain maximally entan-
gled states from an entangled state by local operations
and classical communication (LOCC) [5, 6]. This funda-
mental measure fully captures the ability of given state
shared between distant parties (Alice and Bob) to gen-
erate strongly correlated qubits in order to allow reliable
quantum teleportation or quantum cryptography. How-
ever, up to now, how to calculate ED for general quantum
states still remains unknown. Also, in many practical
applications, the resources are finite and the number of
prepared states is limited. It is also of importance to
study the deterministic distillable entanglement of finite
entanglement transformations.
To evaluate the distillation rates efficiently, one pos-
sible way is to find computable upper bounds. A well-
known upper bound of the distillable entanglement is the
relative entropy of entanglement (REE) [7–9], which ex-
presses the minimal distinguishability between the given
state and all possible separable states. An improved
bound is the Rains’ bound [10], which is arguably the
best known upper bound of distillable entanglement. The
best known SDP upper bound is introduced in Ref. [11]
and it is an improved version of the logarithmic nega-
tivity [12, 13]. In Ref [13], the logarithmic negativity is
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proved to be a proper entanglement monotone for the
first time. Other known upper bounds of ED are studied
in Refs. [8, 14–16]. Unfortunately, most of these known
upper bounds are difficult to compute [17] and usually
easily computable only for states with high symmetries,
such as Werner states, isotropic states, or the family of
“iso-Werner” states [5, 14, 18, 19].
Entanglement cost EC [5, 20] is another fundamen-
tal measure in entanglement theory, which quantifies the
rate for converting maximally entangled states to the
given state by LOCC alone. However, computing EC
is NP-hard [17] and the entanglement cost is known only
for a few of quantum states [21–23]. Even under the PPT
operations, there are only bounds for the exact entangle-
ment cost [24].
Since both distillable entanglement and the entangle-
ment cost are important but difficult to compute, it is of
great significance to find the best approach to efficiently
evaluate them. As Rains’ bound is proved to be equal
to the asymptotic relative entropy of entanglement (with
respect to PPT states) for Werner states [25] and or-
thogonally invariant states [26], one open problem is to
determine whether these two quantities always coincide
[1]. Another significant open problem is whether Rains’
bound is additive, and it was conjectured in Ref. [26]
that Rains’ bound might be additive for arbitrary quan-
tum states.
In this paper, we resolve the above two open prob-
lems about Rains’ bound by explicitly exhibiting a spe-
cial class of two-qubit states whose Rains’ bound and rel-
ative entropy of entanglement are known. We show that
the Rains’ bound is not additive and thereby the asymp-
totic (or regularized) Rains’ bound will give a better up-
per bound on distillable entanglement. Meanwhile, the
asymptotic relative entropy of entanglement (w.r.t. PPT
states) of these two-qubit states is strictly smaller than
the Rains’ bound. Furthermore, an SDP lower bound
EM for the asymptotic Rains’ bound is introduced and
it is the first computable lower bound for entanglement
cost of general bipartite quantum states. Meanwhile, this
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2bound is proved to be the best known upper bound of the
deterministic distillable entanglement, which gives the
PPT-assisted asymptotic rate for some states, including
all the pure states and the mixed states ρ(α)(0 < α ≤ 0.2)
in Ref. [11].
Before we present our main results, let us first review
some notations and preliminaries. In the following we
will frequently use symbols such as A (or A′) and B (or
B′) to denote (finite-dimensional) Hilbert spaces associ-
ated with Alice and Bob, respectively. The set of lin-
ear operators over A is denoted by L(A). Note that
for a linear operator R over a Hilbert space, we de-
fine |R| =
√
R†R, and the trace norm of R is given by
‖R‖1 = Tr |R|, where R† is the conjugate transpose of
R. The operator norm ‖R‖∞ is defined as the maxi-
mum eigenvalue of |R|. A positive semidefinite operator
EAB ∈ L(A ⊗ B) is said to be PPT if ETBAB ≥ 0, i.e.,
(|iAjB〉〈kAlB |)TB = |iAlB〉〈kAjB |.
The concise definition of entanglement of distillation
by LOCC is given in Ref. [1] as follows:
ED(ρAB) = sup{r : lim
n→∞[infΛ
‖Λ(ρ⊗nAB)− Φ(2rn)‖1] = 0},
where Λ ranges over LOCC operations and Φ(d) =
1/d
∑d
i,j=1 |ii〉〈jj| represents the standard d ⊗ d maxi-
mally entangled state. When Λ ranges over PPT oper-
ations, the PPT-assisted distillable entanglement is de-
fined by ED,PPT .
The Rains’ bound was introduced in Ref. [10] and
refined in Ref. [26] as a convex optimization problem as
follows:
R(ρ) = minS(ρ||τ) s.t. τ ≥ 0,Tr |τTB | ≤ 1. (1)
In this formula, S(ρ||σ) = Tr(ρ log ρ−ρ log σ) denotes the
relative Von Neumann entropy. Rains’ bound is impor-
tant in entanglement theory and the generalized Rains
information of a quantum channel is recently proved to
be a strong converse rate for quantum communication
[32].
The relative entropy of entanglement (REE) [7–9] with
respect to the PPT states is given by the following convex
optimization problem:
ER,PPT (ρ) = minS(ρ||σ) s.t. σ, σTB ≥ 0,Tr(σ) = 1.
(2)
For a general bipartite state ρ, it holds that ER,PPT (ρ) ≥
R(ρ). However, ER,PPT (ρ) equals to R(ρ) for every two-
qubit state ρ [27] or the bipartite state with one qubit
subsystem [28]. In particular, a two-qubit full-rank state
σ is the closest seperable state of any state ρ in the fol-
lowing form [27, 29]:
ρ = σ − xG(σ), (3)
and
G(σ) =
∑
i,j
Gi,j |vi〉〈vi|(|φ〉〈φ|)TB |vj〉〈vj |, (4)
with span(|φ〉) is the kernel (or null space) of σTB and
Gi,j = λi when λi = λj andGi,j = (λi−λj)/(lnλi−lnλj)
when λi 6= λj , where λi and |vi〉 are the eigenvalues and
eigenvectors of σ, respectively.
The asymptotic relative entropy of entanglement is
given by
E∞R,PPT (ρ) = inf
n≥1
1
n
ER,PPT (ρ
⊗n). (5)
The numerical estimation of relative entropy of entan-
glement with respect to the PPT states is introduced in
Refs. [30, 31], i,e, can be estimated by a Matlab program.
Suppose that the estimation of ER,PPT (ρ) by in Refs.
[30, 31] is E+R (ρ), and the inequality E
+
R (ρ) = S(ρ||σ) ≥
ER,PPT (ρ) holds since the algorithm indeed provides a
feasible PPT state σ which is almost optimal. This al-
gorithm is implemented by CVX [33] (a Matlab software
for disciplined convex programming) and QETLAB [35].
In low dimensions, this algorithm provides an estima-
tion E+R (ρ) with an absolute error smaller than 10
−3, i.e.
ER,PPT (ρ) + 10
−3 ≥ E+R (ρ) ≥ ER,PPT (ρ).
The SDP upper bound on distillable entanglement
EW (ρ) = logW (ρ) for a bipartite state ρ is introduced
in Ref. [11], i.e.,
W (ρ) = max Tr ρRAB , |RTBAB | ≤ 1, RAB ≥ 0. (6)
Semidefinite programming (SDP) [36] is a powerful tool
in quantum information theory with many applications
(e.g., [37–46]), which can be implemented by CVX [33]
and QETLAB [35].
II. MAIN RESULTS
A. Nonadditivity of Rains’ Bound
We first introduce a class of two-qubit states ρr whose
closest separable states can be derived by the result in
Ref. [27]. Thus, the Rains’ bound of ρr is exactly given.
Then we apply the algorithm in Refs. [30, 31] to demon-
strate the gap between R(ρ⊗2) and R(ρ).
Theorem 1 There exists a two-qubit state ρ such that
R(ρ⊗2) < 2R(ρ).
Meanwhile,
E∞R (ρ) < R(ρ).
Proof Firstly, we construct two-qubit states ρr and
σr satisfying Eq. (3). Then we have R(ρr) = S(ρr||σr).
Suppose that
σr =
1
4
|00〉〈00|+ 1
8
|11〉〈11|+ r|01〉〈01|
+ (
5
8
− r)|10〉〈10|+ 1
4
√
2
(|01〉〈10|+ |10〉〈01|).
3The positivity of σr requires that
5−√17
16 ≤ r ≤ 5+
√
17
16 .
Assume that r ≥ 5/8 − r and we can further choose
0.3125 ≤ r ≤ 0.57 for simplicity.
Meanwhile, let us choose
ρr =
1
8
|00〉〈00|+ x|01〉〈01|+ 7− 8x
8
|10〉〈10|
+
32r2 − (6 + 32x)r + 10x+ 1
4
√
2
(|01〉〈10|+ |10〉〈01|)
with
x = r+
32r2 − 10r + 1
256r2 − 160r + 33+
(16r − 5)y−1
32 ln (5/8− y)− 32 ln (5/8 + y)
and y = (4r2−5r/2+33/64)1/2. It is clear that Tr ρr = 1
and we set 0.3125 ≤ r ≤ 0.5480 to ensure the positivity
of ρr.
One can readily verify that ρr = σr−3G(σr)/2. There-
fore, σr is the closest separable state (CSS) for ρr and we
have that
R(ρr) = ER,PPT (ρr) = S(ρr||σr). (7)
In particular, let us first choose r0 = 0.547, the Rains’
bound of ρr0 is given by
R(ρr0) = ER,PPT (ρr0) = S(ρr0 ||σr0) ' 0.3891999.
Furthermore, applying the algorithm in Refs. [30, 31],
we can find a PPT state σ0 such that
E+R (ρ
⊗2
r0 ) = S(ρ
⊗2
r0 ||σ0) ' 0.7683307.
The numerical value of relative entropy here is calculated
based on the Matlab function “logm” [34] and the func-
tion “Entropy” in QETLAB [35]. In this case, the accu-
racy is guaranteed by the fact ‖elogm(σr0 )−σr0‖1 ≤ 10−16
and ‖elogm(σ0)−σ0‖1 ≤ 10−14. Noting that the difference
between 2R(ρr0) and E
+
R (ρ
⊗2
r0 ) is already 1.00691×10−2,
we have that
R(ρ⊗2r0 ) ≤ ER,PPT (ρ⊗2r0 ) ≤ E+R (ρ⊗2r0 ) < 2R(ρr0).
It is also easy to observe that
E∞R,PPT (ρr0) ≤
1
2
ER,PPT (ρ
⊗2
r0 ) < R(ρr0).
When 0.45 ≤ r ≤ 0.548, we show the gap between
2R(ρr) and E
+
R (ρ
⊗2
r ) in FIG. 1. uunionsq
Since Rains’ bound is not additive, the asymptotic
Rains’ bound [47] can provide better upper bound on
the distillable entanglement, i.e.,
ED,PPT (ρ) ≤ R∞(ρ) = inf
n≥1
1
n
R(ρ⊗n) ≤ R(ρ), (8)
and the last inequality can be strict.
FIG. 1: This plot demonstrates the difference between 2R(ρr)
and E+R (ρ
⊗2
r ) for 0.45 ≤ r ≤ 0.548. The dashed line depicts
E+R (ρ
⊗2
r ) while the solid line depicts 2R(ρr).
B. A SDP lower bound for entanglement cost
Since computing the entanglement cost of a bipartite
state is very difficult, we introduce an efficiently com-
putable lower bound to evaluate the entanglement cost.
For a bipartite quantum state ρ, we introduce
EM (ρ) = − logM(ρ) =− log max TrPABVAB ,
s.t. Tr |V TBAB | = 1, VAB ≥ 0,
(9)
where PAB is the projection onto the support of ρ. And
M(ρ) is also given by the following SDP:
M(ρ) = max TrPABZAB ,
s.t. Tr(XAB + YAB) = 1,
ZAB ≤ (XAB − YAB)TB
XAB , YAB , ZAB ≥ 0,
(10)
And its dual SDP is given by
M(ρ) = min ‖RTBAB‖∞, s.t. RAB ≥ PAB . (11)
The optimal values of the primal and the dual SDPs
above coincide by strong duality, which can be proved
by Slaters theorem.
For any two bipartite states ρAB and σA′B′ , by utilizing
semidefinite programming duality, it is not difficult to
prove that
EM (ρAB ⊗ σA′B′) = EM (ρAB) + EM (σA′B′).
Furthermore, for any state bipartite ρ, EM (ρ) = 0 if
and only if supp(ρ) contains the support of a PPT state σ,
i.e. supp(σ) ⊆ supp(ρ). Too see this, if there exists PPT
4state σ such that supp(σ) ⊆ supp(ρ), then EM (ρ) = 0.
On the other hand, if any state σ satisfies supp(σ) ⊆
supp(ρ) is NPPT. Let the optimal solution to SDP (9)
be V , where V ≥ 0 and Tr |V TB | = 1. It is clear that
TrV ≤ 1. Thus, we have TrV = 1 when EM (ρ) = 0.
Hence, V is a PPT state and supp(V ) ⊆ supp(ρ). This
leads to a contradiction.
Theorem 2 For any bipartite state ρ,
EM (ρ) ≤ R∞(ρ) ≤ EC(ρ).
Proof Suppose that the optimal solution to Eq. (1)
of R(ρ) is V , then V ≥ 0 and Tr |V TB | = t ≤ 1. Thus,
V/t is a feasible solution to SDP (9) of M(ρ), this means
that EM ≤ − log TrPV/t = − log TrPV +log t, where P
is the projection onto supp(ρ).
On the other hand, let N (σ) = PσP+(1−P )σ(1−P ),
then by the monotonicity of quantum relative entropy,
S(ρ||V ) ≥ S(N (ρ)||N (V )) = S(ρ||PV P )
= S(ρ|| PV P
TrPV P
)− log TrPV
≥ − log TrPV ≥ EM (ρ).
(12)
Noting that EM (·) is additive, we have that
EM (ρ) ≤ inf
n≥1
1
n
R(ρ⊗n) = R∞(ρ).
Finally, it is clear that
EM (ρ) ≤ R∞(ρ) ≤ E∞R,PPT (ρ) ≤ EC(ρ),
where the last inequality is from Ref. [47]. uunionsq
Remark As an application of this lower bound, one
can also give an SDP lower bound for the entanglement
cost of quantum channels [48], i.e. the rate of entangle-
ment (ebits) needed to asymptotically simulate a quan-
tum channel N with free classical communication. uunionsq
C. Deterministic distillable entanglement
In this section, we show that EM is the best upper
bound on the deterministic distillable entanglement of
bipartite states. The bipartite pure state case is com-
pletely solved in Refs. [49, 50]. For a general state,
the PPT-assisted deterministic distillation rates depend
only on the support of this state [11]. Note that the
support supp(ρ) of a state ρ is defined to be the space
spanned by the eigenvectors with non-zero eigenvalues of
ρ. The exact value of the one-copy PPT-assisted deter-
ministic distillation rate of a given bipartite state ρ is
E
(1)
0,D,PPT (ρ) = − logW0(ρ) [11], where W0(ρ) is given
by
W0(ρ) = min ‖RTB‖∞, s.t. PAB ≤ R ≤ 1AB . (13)
Here, PAB is the projection onto supp(ρ).
Theorem 3 For any bipartite state ρ,
E0,D,PPT (ρ) ≤ EM (ρ) ≤ EW (ρ).
Proof To prove E0,D,PPT (ρ) ≤ − logM(ρ), suppose
that the optimal solution to SDP (13) of W0(ρ) is R0. It
is clear that R0 is also a feasible solution to SDP (11) of
M(ρ). Thus, W0(ρ) = ‖R0TB‖∞ ≥ M(ρ). Furthermore,
W0(ρ
⊗n) ≥M(ρ⊗n) = M(ρ)n.
Hence,
E0,D,PPT (ρ) = lim
n→∞−
1
n
logW0(ρ
⊗n)
≤ lim
n→∞−
1
n
logM(ρ)n = EM (ρ).
Finally, to prove EM (ρ) ≤ EW (ρ), suppose that
the optimal solution to SDP (11) is R, then we have
R ≥ P ≥ 0. Let R′ = R/‖RTB‖∞ and it is easy to
see the positivity of R′ and the fact that |R′TB | ≤ 1,
which means that R′ is a feasible solution to SDP (6).
Therefore, EW (ρ) ≥ log Tr ρR′ ≥ log Tr ρP/‖RTB‖∞ =
− log ‖RTB‖∞ = EM (ρ). uunionsq
Remark For any bipartite state ρ, if the support of ρ
contains a PPT state σ, then EM (ρ) = 0 and we have
that E0,D,PPT (ρ) = 0. Thus ρ is bound entanglement for
exact distillation under both LOCC or PPT operations.
uunionsq
We further show the estimation of Theorem 3 in Fig.2
by a class of 3⊗ 3 states in Ref. [11] defined by
ρ(α) =
1
3
2∑
m=0
(X† ⊗X)m|ψ0〉〈ψ0|(X ⊗X†)m,
where |ψ0〉 =
√
α|00〉 + √1− α|11〉(0 < α ≤ 0.5) and
X =
∑2
j=0 |j⊕1〉〈j|. An interesting fact is that EM (ρ(α))
is tight for E0,D,PPT (ρ
(α)) when 0 < α ≤ 1/5, which is
proved in the following Proposition.
FIG. 2: This plot presents the estimation of ED,PPT (ρ
(α))
and E0,D,PPT (ρ
(α)). The dot line depicts EW (ρ
(α)), the
dash line depicts E
(1)
0,D,PPT (ρ
(α)) and the solid line depicts
EM (ρ
(α)).
5Proposition 4 For any bipartite state ρ with support
projection P , suppose that the eigenvector |ψ〉 of PTB
with the eigenvalue ‖PTB‖∞ is a product state, then
E0,D,PPT (ρ) = EM (ρ) = − log ‖PTB‖∞ ≤ ED,PPT (ρ).
Proof In Ref. [11], it shows that E0,D,PPT (ρ) ≥
− log ‖PTB‖∞. If |ψ〉〈ψ| is PPT, then we can choose
V = |ψ〉〈ψ| and it is easy to see V is a feasible solution to
SDP (9) of M(ρ). Thus, EM (ρ) ≤ − log TrPTB |ψ〉〈ψ| =
− log ‖PTB‖∞. uunionsq
For any pure state |φ〉〈φ|, suppose that |φ〉 has the
Schmidt decomposition |φ〉 =∑mi=1 λi|ii〉 with λ21 ≥ ... ≥
λ2m and
∑m
i=1 λ
2
i = 1. Then |φ〉〈φ|TB =
∑m
i=1 λ
2
i |ii〉〈ii| +∑
i 6=j λiλj |ji〉〈ij|. Thus, ‖PTB‖∞ = λ21 and the corre-
sponding eigenvector is |11〉〈11|. Hence, by Proposition
4, E0,D,PPT (|φ〉〈φ|) = EM (|φ〉〈φ|) = − log ‖|φ〉〈φ|TB‖∞.
This rate can be achieved by LOCC [50].
Example For the ρ(α), when 0 < α ≤ 1/5, we have
that E0,D,PPT (ρ
(α)) = EM (ρ
(α)) = − log(1 − α). Let
U = X† ⊗ X, the projection onto supp(ρ(α)) is Pα =∑2
m=0 U
m|ψ0〉〈ψ0|(U†)m. Therefore,
PTBα =2
√
α(1− α)|v1〉〈v1| −
√
α(1− α)(|v2〉〈v2|+ |v3〉〈v3|)
+
2∑
m=0
Um[(1− α)|11〉〈11|+ α|00〉〈00|](U†)m,
where |v1〉 = 1√3 (|01〉 + |10〉 + |22〉), |v2〉 = 1√6 |01〉 +
1√
6
|10〉−
√
2
3 |22〉) and |v3〉 = 1√2 (|01〉− |10〉). When 0 <
α ≤ 1/5, we always have 1−α ≥ 2√α(1− α). Therefore,
‖PTBα ‖∞ = 1 − α and the corresponding eigenvector is
|11〉〈11|. Applying Proposition 4, the proof is done. uunionsq
III. CONCLUSIONS AND DISCUSSIONS
We show that the Rains’ bound is neither additive nor
equal to the asymptotic relative entropy of entanglement
by explicitly constructing a special class of mixed two-
qubit states. We also show an SDP lower bound EM for
the asymptotic Rains’ bound. These results solve two
open problems in entanglement theory and provide an
efficiently computable lower bound for the entanglement
cost of general bipartite states. This bound also has de-
sirable properties such as additivity under tensor product
and vanishing if and only if the support of the given state
contains some PPT state. We further show that EM is
the best upper bound for the deterministic distillable en-
tanglement, which also gives the PPT-assisted determin-
istic distillation rate in some conditions, including all the
pure states and some classes of the mixed states.
It is of great interest to determine whether the asymp-
totic Rains’ bound and the PPT distillable entanglement
always coincide. It would also be interesting to decide
whether E0,D,PPT (ρ) = EM (ρ) for any bipartite state ρ
and to study the relationship between EM and the newly
established SDP lower bound of the PPT-assisted entan-
glement cost [51].
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